The well-known linear Doppler effect arises from the linear motion between source and observer, while the less well-known rotational Doppler effect arises from the rotational motion. Here, we present both theories and experiments illustrating the relationship between the rotational and linear Doppler effects. A spiral phaseplate is used to generate a light beam carrying orbital angular momentum and the frequency shift is measured arising from its rotational and/or linear motion. By considering either the motion-induced time-evolving phase or the momentum and energy conservation in light-matter interactions, we derive the rotational Doppler shift, linear Doppler shift, and overall Doppler shift associated with rotational and linear motions. We demonstrate the relationship between rotational and linear Doppler shifts, either of which can be derived from the other effect, thereby illustrating their shared origin. Moreover, the close relationship between rotational and linear Doppler effects is also deduced for a more general moving rough surface.
Introduction
The Doppler effect is the change in frequency of a wave that arises from the relative motion between a source and an observer. The Austrian physicist Doppler first proposed this effect in 1842 [1] and Ballot tested the hypothesis for sound waves in 1845 [2] and Fizeau discovered independently the same phenomenon with electromagnetic waves in 1848 [3] . The Doppler shift arising from either sound waves or electromagnetic waves back-scattered from a moving object is used in sonar and radar systems for velocity measurements. The classical Doppler effect, arising from the linear motion or linear momentum, is also called the linear Doppler effect and has been used extensively in various fields as diverse as laser interferometers, laser remote sensing, laser speckle velocimetry, and astronomy [4] [5] [6] [7] [8] .
Less well known than this linear Doppler effect is the rotational Doppler effect, which arises from rotational motion and optical angular momentum [9] [10] [11] [12] [13] [14] [15] . A simple example of this phenomenon is obtained by placing a watch at the center of a rotating turntable and, as viewed from above, the hands of the watch rotate more quickly than normal [16] . This effect applies not just to watch hands but to all rotating vectors, and the rotating electric-field vector of circularly polarized light, that carries spin angular momentum, is no exception. The electricfield vector rotates at the light frequency, while an additional rotation of the light around its propagation axis can speed up or slow down the rotation of the electric-field vector, leading to a frequency shift linked to the rotational velocity. Note, this rotational Doppler effect can be observed by looking at a rotating body in a direction parallel to its rotation axis, the direction in which the linear shift is zero. This rotational effect is distinct from the linear Doppler effect observed from viewing the edges of a rotating extended body (e.g. galaxy) in a direction perpendicular to its rotation axis.
More generally, the angular momentum of light can be divided into spin angular momentum (SAM) and orbital angular momentum (OAM). The SAM arises from the circular polarization of light and gives two possible values equivalent to  per photon (where is the Plank's constant h divided by 2 ), as anticipated by Poynting in 1909 [17] . By contrast, the OAM arises from helical phase fronts described by   exp i  (where is the topological charge and  is the azimuthal angle). Unlike the SAM that is restricted to two orthogonal states, the OAM is restricted only by the aperture of the optical system and has a value of per photon, 3 as recognized by Allen in 1992 [18] . OAM has given rise to many developments in particle manipulation, microscopy, imaging, sensing, astronomy and both quantum and classical communications [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Recently, OAM-carrying light has also been studied in relation to the rotational Doppler effect, allowing detection of spinning objects, measurement of fluid flow vorticity, and effects in nonlinear optics [30] [31] [32] [33] [34] [35] [36] [37] [38] .
In this paper, we consider whether the rotational Doppler effect and linear Doppler effect share a common origin, unlike for example the relativistic transverse Doppler effect which is related to time dilation. By employing a spiral phaseplate and exploiting OAM-carrying light, we illustrate the relationship between rotational and linear Doppler effects, i.e. show how either frequency shift can be alternatively explained both in terms of the rotational or linear Doppler effect.
Concept and Theory

Spiral Phaseplate
A natural way of generating light beams containing OAM is by transmission of a plane-wave
Gaussian beam through a spiral phaseplate [39] . A spiral phaseplate is simply a transmissive disc with an optical thickness, H , that increases with azimuthal angle,
 is the wavelength of light. Instead of transmission, as shown in Fig. 1 , the same concept can be also applied in reflection where an incident plane wave is reflected from a helical surface with a step height of
, giving a reflected light beam with a helical phase front described by   exp i  , and hence an OAM of per photon. The factor of two reduction in step height between the two equations when moving from transmission to reflection is to account for the double pass associated with the reflection. As an alternative to a physical implementation, these spiral phaseplates can be implemented using the spatially 
Overall Doppler Shift
When the spiral phaseplate is subject to simultaneous rotational motion and linear motion, as shown in Fig 
Experimental Realization
Experimental Configuration
To verify the link between the rotational and linear Doppler effects, we setup an experimental configuration, as shown in Fig. 2 [44] . Another lens followed by a camera enables an image of the helical interference fringe pattern to be recorded, as shown in Fig. 2(b) , from which the sign and magnitude of the OAM is confirmed and, from the rotation of the fringes, the Doppler frequency shift is deduced (see Supporting Information). 
Results and Discussions
To 
General Rough Surface
More generally, we consider the equivalent relationship between the rotational and linear The electric field of an incident light beam, carrying an OAM of 1 at a frequency f , is given by
where 1 C is related to the transverse electric field distribution of the OAM-carrying light beam and the wavenumber k and propagation distance z related phase term is not given here.
The scattered light from the moving rough surface can be expressed as Doppler effect, implying their common origin even for the general moving rough surface.
Conclusion
In summary, we use an SLM to implement a spiral phaseplate to generate an OAM-carrying light beam and consider both its rotational and linear motions to link the rotational and linear 
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